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CONFORMALLY FEDOSOV MANIFOLDS
MICHAEL EASTWOOD AND JAN SLOVA´K
Abstract. We introduce the notion of a conformally Fedosov
structure and construct an associated Cartan connection. When an
appropriate curvature vanishes, this allows us to construct a family
of natural differential complexes akin to the BGG complexes from
parabolic geometry.
1. Introduction
On a Riemannian manifold there is a unique torsion-free connection
on the tangent bundle preserving the metric. Known as the Levi Civita
connection, it is the basis for doing calculus and understanding the
geometry on such a manifold. On a symplectic manifold, there is no
preferred connection. Instead, there are many symplectic connections ,
torsion-free connections preserving the symplectic form. Choosing one
defines what is known as a Fedosov manifold [19].
On a conformal manifold there is no preferred connection on the
tangent bundle: each metric in the conformal class gives rise to its
own Levi-Civita connection. Instead, a conformal structure induces a
canonically defined Cartan connection [9, §1.6.7]. It is the fundamental
object in conformal differential geometry and can be regarded as a
connection on an auxiliary vector bundle [3]. Its curvature provides
the basic conformal invariant.
On a projective manifold [9, §4.1.5], there is an equivalence class of
torsion-free connections on the tangent bundle. Again, it is the Cartan
connection, built from these affine connections, which may equivalently
be regarded [3] as a connection on some auxiliary vector bundle and
whose curvature is the basic projective invariant.
On a conformally symplectic manifold [28] there is a local equivalence
class of symplectic forms defined only up to scale. In this article we shall
show that one can combine projective differential geometry with the
notion of a Fedosov manifold to obtain what we shall call conformally
Fedosov manifolds. They are obtained by adding further structure to
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a conformally symplectic manifold and have the remarkable property
that a canonical Cartan connection can then be constructed. This lies
outside the realm of parabolic differential geometry [9].
1.1. Notation and terminology. Notice that we are choosing to
write ‘conformally Fedosov’ rather than ‘locally conformally Fedosov’
or ‘locally conformal Fedosov.’ These various alternatives are regularly
employed in the context of Ka¨hler or symplectic geometry. Our usage
is chosen for several reasons. Firstly, we suppress the word ‘local’ in
our terminology. In this we follow by analogy the standard convention
that the round metric on the sphere is ‘conformally flat’ rather than
being ‘locally conformally flat,’ for example. Secondly, our terminology
is reasonably succinct. Thirdly, for Ka¨hler geometry the corresponding
terminology of ‘conformally Ka¨hler’ was introduced by Westlake [29]
already in 1954.
We shall often need to manipulate tensors on a smooth manifold and,
for this purpose, we shall use Penrose’s abstract index notation [24]. In
brief, covariant tensors will be decorated with subscripts, contravariant
tensors with superscripts, and the natural pairing between vectors and
1-forms by repeating an index Xaωa in accordance with the ‘Einstein
summation convention.’ For any tensor φabc we shall write φ(abc) for its
symmetric part and φ[abc] for its skew part. For example, to say that
ωab is a 2-form is to say that ωab = ω[ab] or, equivalently, that ω(ab) = 0
and, for any torsion-free connection ∇a, the expressions
∇[aωbc] and X
a∇aωbc − 2(∇[bX
a)ωc]a
deliver the exterior derivative of ωab and the Lie derivative of ωab in
the direction of the vector field Xa, respectively.
We shall write Λp for the bundle of p-forms on a smooth manifold,
suppressing the name of the manifold itself. The exterior derivative
will be denoted by d : Λp → Λp+1.
2. Conformally symplectic manifolds
In the first instance, a conformally symplectic manifold [1, 28] is an
even-dimensional manifoldM of dimension at least four equipped with
a non-degenerate 2-form J such that
(1) dJ = 2α ∧ J
for some closed 1-form α. Non-degeneracy of J ensures J : Λ1 → Λ3 is
injective whence α is uniquely determined by J , should such a 1-form
exist. It is called the Lee form [21] and, in case dimM ≥ 6 we see that
0 = d2J = 2dα ∧ J + 2α ∧ dJ = 2dα ∧ J + 4α ∧ α ∧ J = 2dα ∧ J
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and, as J ∧ : Λ2 → Λ4 is injective, closure of α is automatic. If
we rescale J by a positive smooth function, say Jˆ = Ω2J , then (1)
remains valid with α replaced by αˆ = α + Υ for Υ ≡ d logΩ. Hence,
the notion of conformally symplectic is invariant under such rescalings
(and also in dimension 4 since dΥ = 0). Locally, we may use this
freedom to eliminate α and obtain an ordinary symplectic structure.
Globally, however, this need not be the case. For example, the rescaled
symplectic form
J ≡ (1/‖x‖)2 (dx1 ∧ dx2 + dx3 ∧ dx4 + · · · )
on R2n is invariant under dilation x 7→ λx and, therefore, descends to
a conformally symplectic structure on S1 × S2n−1 whereas there is no
global symplectic form on this manifold.
More precisely, a conformally symplectic manifold is a pair (M, [J ])
where [J ] is an equivalence class of non-degenerate 2-forms satisfying
(1) where J and Jˆ are said to be equivalent if and only if Jˆ = Ω2J
for some positive smooth function Ω. As one often does in conformal
geometry in which a Riemannian metric is only defined up to local
rescaling g 7→ gˆ = Ω2g, it is usual to pick a representative J and
work with that representative, whilst checking that one’s conclusions
are independent of this choice. The basic example of this approach is in
noting that the requirement (1) is itself independent of such a choice.
3. Projective manifolds
A projective structure [14] on a manifold M is an equivalence class
of torsion-free affine connections on M , where two connections ∇a and
∇ˆa are said to be projectively equivalent if and only if
(2) ∇ˆaφb = ∇aφb − νaφb − νbφa
for some 1-form νa.
Lemma 1. If Jab is skew, then
∇ˆ(aJb)c = ∇(aJb)c − 3ν(aJb)c.
Proof. The Leibniz rule extends (2) to all other tensors. Thus,
∇ˆaJbc = ∇aJbc − 2νaJbc − νbJac − νcJba
and symmetrising over ab gives the desired conclusion. 
Proposition 1. If Jab is skew, then the requirement that
(3) ∇(aJb)c = β(aJb)c
for some 1-form βa is projectively invariant.
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Proof. From Lemma 1, if ∇a is replaced by ∇ˆa according to (2), then
(3) still holds but with βa replaced by βˆa ≡ βa − 3νa. 
4. Conformally Fedosov manifolds
Let (M, [J ]) be a conformally symplectic manifold. We may express
the requirement (1) in terms of any torsion-free connection ∇a as
(4) ∇[aJbc] = 2α[aJbc].
Now let us also insist on (3). As observed in Proposition 1, this is only
a restriction on the projective class of ∇a. We may assemble these
conditions into the following formal definition. A conformally Fedosov
manifold is a triple (M, [J ], [∇]) where
• M is a smooth manifold of dimension 2n ≥ 4,
• [J ] is an equivalence class of non-degenerate 2-forms defined up
to rescaling J 7→ Jˆ = Ω2J for some positive function Ω,
• [∇] is a projective structure, i.e. an equivalence class of torsion-
free connections defined up to (2) for some 1-form νa,
• the following equations hold
(5) ∇[aJbc] = 2α[aJbc] ∇[aαb] = 0 ∇(aJb)c = β(aJb)c,
for some 1-forms αa and βa.
We have already observed that the requirement (4) depends only on
the conformal class of Jab (and that ∇[aαb] = 0 is automatic for n ≥ 3).
Proposition 1 says that (3) is projectively invariant. Finally, to make
sure that this definition makes sense, let us observe that (3) is also
conformally invariant: if Jˆab = Ω
2Jab, then (3) continues to hold but
with βa replaced by βˆa = βa + 2Υa.
We shall often have occasion to ‘raise and lower’ indices using Jab and
its inverse Jab. Specifically, let JacJ
bc = δa
b, where δa
b is the Kronecker
delta. We then decree that
φa ≡ Jabφb ψb ≡ ψ
aJab
and henceforth freely make use of these options without comment.
Proposition 2. Let (M, [J ], [∇]) be a conformally Fedosov manifold.
Any representatives Jab and ∇a of the structure uniquely determine the
1-forms αa and βa occurring in (5) and, conversely,
(6) ∇aJbc = 2α[aJbc] +
2
3
β(aJb)c −
2
3
β(aJc)b
determines the full covariant derivative ∇aJbc.
CONFORMALLY FEDOSOV MANIFOLDS 5
Proof. Let Jab denote the inverse of Jab. Then the identities
3J bc∇[aJbc] = 2(n− 2)αa and 2J
bc∇(aJb)c = (2n+ 1)βa
readily follow from (5). Conversely, expanding the right hand side of
2α[aJbc] +
2
3
β(aJb)c −
2
3
β(aJc)b = ∇[aJbc] +
2
3
∇(aJb)c −
2
3
∇(aJc)b
gives ∇aJbc, as required. 
Proposition 3. For any conformally Fedosov manifold (M, [J ], [∇]),
if a representative 2-form Jab is chosen, then there is a unique torsion-
free connection in the projective class such that
(7) ∇aJbc = 2Ja[bαc].
Proof. When the connection ∇a is replaced by ∇ˆa according to (2),
the 1-form αa does not change but βa is replaced by βˆa = βa − 3νa,
Therefore, we can uniquely arrange that αa+βa = 0, in which case (6)
implies that
∇aJbc = 2α[aJbc] −
2
3
α(aJb)c +
2
3
α(aJc)b
and expanding the right hand side gives 2Ja[bαc], as required. 
In view of this Proposition, an alternative definition of a conformally
Fedosov manifold is as follows. Firstly, define an equivalence relation
on pairs (J,∇) consisting of a non-degenerate symplectic form Jab and
a torsion-free connection ∇a by allowing simultaneous replacements
(8)
Jab 7→ Jˆab = Ω
2Jab
∇aφb 7→ ∇ˆaφb = ∇aφb −Υaφb −Υbφa,
where Υa = ∇a log Ω.
Writing [J,∇] for the equivalence class of such pairs, a conformally
Fedosov manifold may then be defined as a pair (M, [J,∇]) such that
(7) holds (and one can check directly that (7) is invariant under (8) if
one decrees that αa 7→ αˆa = αa+Υa). For the rest of this article we shall
adopt this alternative definition of a conformally Fedosov manifold. By
analogy with ordinary conformal structures, we shall refer to the pair
[J,∇] as a conformal class .
Proposition 4. Any conformally symplectic manifold (M, [J ]) can be
extended to a conformally Fedosov structure (M, [J,∇]).
Proof. Pick a representative 2-form Jab. We are required to find a
torsion-free connection ∇a such that (7) is satisfied for some 1-form αa.
Recall that the 1-form αa is already determined by (4) independent of
choice of ∇a. Locally, there is no problem in finding a suitable ∇a:
choose Ω such that Jˆab = Ω
2Jab is closed and define ∇a by (8) where
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∇ˆa is the flat connection in Darboux coo¨rdinates for Jˆab. We may use
a partition of unity to patch these connections together. 
Proposition 5. Equation (7) is equivalent to
(9) ∇aJ
bc = 2α[bδa
c],
where αb ≡ J bcαc.
Proof. Recall that JbcJ
bd = δc
d. Differentiating this and substituting
from (7) gives
0 = Jbc∇aJ
bd + 2Ja[bαc]J
bd = Jbc∇aJ
bd − δa
dαc + Jacα
d.
Therefore,
∇aJ
bc = J beJde∇aJ
dc = J be (δa
cαe − Jaeα
c) = δa
cαb − δa
bαc,
as required. 
Corollary 1. A projective structure [∇] cannot necessarily be extended
to a conformally Fedosov structure.
Proof. That equation (9) hold for some vector field αa is equivalent to
requiring that
the trace-free part of (∇aJ
bc) = 0,
which is a system of finite type as explained in [2]. Hence, there are
obstructions to its solution (and writing it as (9) is the first step in its
prolongation). 
5. Curvature
For any torsion-free affine connection ∇a, the curvature Rab
c
d of ∇a
is characterised by the equation
(10) (∇a∇b −∇b∇a)X
c = Rab
c
dX
d.
Recall that we are free to ‘lower an index’ and write the curvature as
Rabcd in the presence of a non-degenerate 2-form Jab.
Theorem 1. Choosing any representative 2-form Jab and connection
∇a of a conformally Fedosov manifold (M, [J,∇]), the curvature Rab
c
d
of ∇a may be uniquely written as
Rab
c
d = Wab
c
d + δa
cPbd − δb
cPad,
where Pab is a symmetric tensor and Wab
c
d satisfies
(11) Wab
c
d =W[ab]
c
d W[ab
c
d] = 0 Wab
a
d = 0.
Under conformal rescaling (8), the tensor Wab
c
d is unchanged whilst
Pˆab = Pab −∇aΥb +ΥaΥb.
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Furthermore, the tensor Wabcd may be uniquely decomposed as
Wabcd = Vabcd −
3
2n−1
JacΦbd +
3
2n−1
JbcΦad + JadΦbc − JbdΦac + 2JabΦcd,
where
(12) Vabcd = V[ab](cd) V[abc]d = 0 J
abVabcd = 0
and Φab is symmetric.
Proof. The curvature of any torsion-free connection may be uniquely
and conveniently written as
(13) Rab
c
d = Wab
c
d + 2δ[a
cPb]d + βabδ
c
d
where Wab
c
d satisfies (11) and βab = −2P[ab]. Let us suppose, for the
moment, that ∇aJbc = 0. Then, together with the Bianchi identity, we
have
(14) Rabcd = R[ab](cd) and R[abc]d = 0,
corresponding to an irreducible representation of SL(2n,R). Branching
this representation under Sp(2n,R) ⊂ SL(2n,R) gives
(15) Rabcd = Vabcd + JacΦbd − JbcΦad + JadΦbc − JbdΦac + 2JabΦcd,
where Vabcd satisfies (12) and Φab is symmetric. From (13) we see that
JcdRabcd = J
cd
(
Wabcd + JacPbd − JbcPad − βabJcd
)
= −(2n+ 1)βab
whereas (14) implies that JcdRabcd should vanish. Therefore βab = 0
and consequently Pab is symmetric. Thus, we have
(16)
Rabcd = Wabcd + JacPbd − JbcPad
= Vabcd + JacΦbd − JbcΦad + JadΦbc − JbdΦac + 2JabΦcd
from (13) and (15), respectively. Now computing J bcRabcd from each of
these two decompositions gives (2n−1)Pad = 2(n+1)Φad. Substituting
back and rearranging the result gives the decomposition of Wabcd as in
the statement of the theorem.
This was all under the assumption that ∇aJbc = 0 and locally, there
is always a connection ∇a and 2-form Jab in the conformal class [J,∇]
for which this assumption is valid. In general, we must see how our
conclusions are affected by a conformal change (8). The decomposition
(13) is familiar from projective differential geometry [14] and, since (8)
is controlled by a closed 1-form Υa, we have βˆab = 0 whilst
Wˆab
c
d = Wab
c
d and Pˆab = Pab −∇aΥb +ΥaΥb.
8 MICHAEL EASTWOOD AND JAN SLOVA´K
Finally, having a lowered index, we see that Wˆabcd = Ω
2Wabcd and the
algebraic decomposition ofWabcd given in the statement of the theorem
remains valid with
Vˆabcd = Ω
2Vabcd and Φˆab = Φab.
This completes the proof. 
On a conformally Fedosov manifold, although Jab is only defined up
to scale, the local stipulation that ∇aJbc = 0 for some torsion-free
connection ∇a in the projective class characterises a globally defined
affine connection whose curvature decomposes as (15) (also depending
only on Jab up to scale). More generally, the proof of Theorem 1
decomposes the curvature into three Sp(2n,R)-irreducible parts,
Vabcd ∈ • • • · · · •〈•
2 1 0 0 0 Φab ∈ • • • · · · •〈•
2 0 0 0 0 Pab ∈ • • • · · · •〈•
2 0 0 0 0
according to
(17) Rabcd = Vabcd + 2JabΦcd − 2Φc[aJb]d +
6
2n−1
Jc[aΦb]d − 2Jc[aPb]d
and under conformal change (8), we have
Vˆabcd = Ω
2Vabcd Φˆab = Φab Pˆab = Pab −∇aΥb +ΥaΥb.
It is easy to give explicit formulæ for these parts, viz.:–
Pbd =
1
2n−1J
acRabcd Φcd =
2n−1
8(n+1)(n−1)
(
JabRabcd − 2Pcd
)
and Vabcd is then determined by (17). As an example, the curvature of
CPn with its standard Fubini-Study metric is given by
Rabcd = gbdJac − gadJbc − gacJbd + gbcJad + 2Jabgcd
and one easily computes that
Pab =
2(n+1)
2n−1 gab Φab = gab Vabcd = 0.
As in the proof of Theorem 1, it is often convenient locally to work
in a gauge in which αa = 0 for then ∇aJbc = 0 and the curvature Rabcd
decomposes according to (15). Also recall from (16) that
(18) (2n− 1)Pab = 2(n+ 1)Φab.
We shall refer to a choice of pair (Jab,∇a) from a conformally Fedosov
structure [Jab,∇a] for which ∇aJbc = 0 as a Fedosov gauge. This is in
accordance with the notion of Fedosov manifold [19]. We pause here
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to examine some consequences of the Bianchi identity ∇[eRab]cd = 0.
From (15) we conclude that
0 = 3Jde∇[eRab]cd
= ∇dVabcd + Jac∇
dΦbd − Jbc∇
dΦad +∇aΦbc −∇bΦac
−∇aΦbc − 2n∇bΦac −∇aΦbc +∇bΦac + 2n∇aΦbc +∇bΦac
+ 2Jab∇
dΦcd + 2∇aΦbc − 2∇bΦac
= ∇dVabcd + Jac∇
dΦbd − Jbc∇
dΦad + 2Jab∇
dΦcd
+ (2n+ 1)∇aΦbc − (2n+ 1)∇bΦac.
This suggests that one introduce the tensor
Yabc ≡ ∇aΦbc −∇bΦac +
1
2n+1
(
Jac∇
dΦbd − Jbc∇
dΦad + 2Jab∇
dΦcd
)
,
noting that
Yabc = Y[ab]c Y[abc] = 0 J
abYabc = 0.
We have established the contracted Bianchi identity
(19) ∇dVabcd + (2n+ 1)Yabc = 0.
For later use, it is convenient to introduce the tensor Sa ≡
1
2n+1
∇bΦab
so that
(20) Yabc = ∇aΦbc −∇bΦac + JacSb − JbcSa + 2JabSc.
6. The tractor connection in conformal geometry
Here we review the construction of the conformal tractor bundle and
its connection following the conventions of [3, 14]. We omit all details.
The purpose of this section is to establish notation and to motivate the
corresponding construction in the conformally Fedosov setting.
Firstly, we recall that the bundle Λ0[w] of conformal densities of
weight w is defined as the trivial bundle Λ0 in the presence of a chosen
metric gab in the conformal class [gab]. Its smooth sections may then be
identified as smooth functions but if a different metric is chosen, say
gˆab = Ω
2gab, then the corresponding functions are obliged to change
according to σˆ = Ωwσ. A similar notion applies to tensors and tensor
bundles. In particular, a 1-form of weight w transforms according to
ωˆa = Ω
wωa when gab is replaced by gˆab = Ω
2gab and the corresponding
bundle is denoted Λ1[w]. Tautologically, the conformal metric itself
is a symmetric covariant 2-form of conformal weight 2. The standard
tractor bundle T is defined in the presence of a chosen metric gab to be
the direct sum
T = Λ0[1]⊕ Λ1[1]⊕ Λ0[−1]
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but if the metric is rescaled as gˆab = Ω
2gab, then this decomposition is
mandated to change according to
 σˆµˆb
ρˆ

 =

 σµb +Υbσ
ρ−Υbµb −
1
2
ΥbΥbσ

 , where Υa ≡ ∇a log Ω.
For a chosen metric gab in the conformal class, the tractor connection
is defined by
∇a

 σµb
ρ

 =

 ∇aσ − µa∇aµb + gabρ+ Pabσ
∇aρ− Pa
bµb

 ,
where ∇aµb is the Levi-Civita connection of gab. One checks that this
definition is conformally invariant. As detailed in [3], this construction
is essentially due to T.Y. Thomas [26] and is equivalent to the Cartan
connection [13] constructed three years earlier.
7. A conformally Fedosov tractor connection
Firstly, we shall build a tractor bundle on a conformally Fedosov
manifold, a vector bundle which we shall then endow with a canonically
defined connection. As usual, given a conformally Fedosov manifold
(M, [J,∇]), definitions will be given in terms of chosen representatives
Jab and ∇a and then we shall check that these definitions respect the
allowed freedom (8). Firstly, we define the bundle Λ0[w] of conformal
densities of weight w as the trivial bundle in the presence of chosen
representatives (Jab,∇a) but, under the allowed replacements (8), its
sections regarded as functions are decreed to change by σˆ = Ωwσ.
For chosen representatives, the vector bundle T is defined as
T = Λ0[1]⊕ Λ1[1]⊕ Λ0[−1]
but this splitting is decreed to change as
(21)

 σˆµˆb
ρˆ

 =

 σµb +Υbσ
ρ−Υbµb +Υ
bαbσ


under (8), where αa is defined by (7). We may check this decree is
self-consistent as follows.
ˆˆσ = σˆ = σ ,
ˆˆµb = µˆb + Υˆbσˆ = µb +Υbσ + Υˆbσ = µb + (Υb + Υˆb)σ ,
ˆˆρ = ρˆ− Υˆbµˆb + Υˆ
bαˆbσˆ
= ρ−Υbµb +Υ
bαbσ − Υˆ
b(µb +Υbσ) + Υˆ
b(αb +Υb)σ
= ρ− (Υb + Υˆb)µb + (Υ
b + Υˆb)αbσ .
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There is a non-degenerate skew form defined on T by
(22)
〈
 σµb
ρ

 ,

 σ˜µ˜c
ρ˜


〉
= σρ˜− J bcµbµ˜c − ρσ˜ = σρ˜+ µ
bµ˜b − ρσ˜,
(which one readily checks is preserved by (21)).
Although not yet the tractor connection, consider the connection Da
on T defined by
(23) Da

 σµb
ρ

 =

 ∇aσ − µa∇aµb − Jabρ+ Pabσ − Jabαcµc
∇aρ− Pa
bµb − (2α
bPab + α
b∇aαb)σ

 .
Proposition 6. The connection (23) is well-defined, i.e. is independent
of choice of representatives (Jab,∇a), and preserves the skew form (22).
Proof. Recall that (7) can be rewritten according to Proposition 5 as
∇aJ
bc = 2α[bδa
c].
We shall show in Lemma 2 below that this leads to
(24) ∇aΥ
b = J bc∇aΥc +Υaα
b +Υcαcδa
b.
For convenience, let
Ta ≡ 2α
bPab + α
b∇aαb.
Now we compute
Dˆa

 σˆµˆb
ρˆ

 =

 ∇ˆaσˆ − µˆa∇ˆaµˆb − Jˆabρˆ+ Pˆabσˆ − Jˆabαˆcµˆc
∇ˆaρˆ+ Pˆabµˆ
b − Tˆaσˆ


=


∇ˆaσ − (µa +Υaσ)
∇ˆa(µb + Υbσ)− Jab(ρ−Υ
cµc +Υ
cαcσ)
+ (Pab −∇aΥb +ΥaΥb)σ − Jab(α
c +Υc)(µc +Υcσ)
∇ˆa(ρ−Υ
cµc +Υ
cαcσ)
+ (Pab −∇aΥb +ΥaΥb)(µ
b +Υbσ)− Tˆaσ


=


∇aσ +Υaσ − (µa +Υaσ)
∇a(µb + Υbσ)−Υb(µa +Υaσ)− Jab(ρ−Υ
cµc +Υ
cαcσ)
+ (Pab −∇aΥb +ΥaΥb)σ − Jab(α
c +Υc)(µc +Υcσ)
∇a(ρ−Υ
cµc +Υ
cαcσ)−Υa(ρ−Υ
cµc +Υ
cαcσ)
+ (Pab −∇aΥb +ΥaΥb)(µ
b +Υbσ)− Tˆaσ

 ,
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which enjoys some cancellation when expanded, yielding

∇aσ − µa
∇aµb − Jabρ+ Pabσ +Υb (∇aσ − µa)− Jabα
cµc
∇aρ− (∇aΥ
c)(µc − αcσ)−Υ
c∇aµc +Υ
c∇a(αcσ)−Υaρ
−ΥaΥ
cαcσ + Pabµ
b − (∇aΥb)µ
b + PabΥ
bσ − (∇aΥb)Υ
bσ − Tˆaσ


and, if we substitute for ∇aΥ
c in accordance with (24), then a little
more cancellation occurs, yielding

∇aσ − µa
∇aµb − Jabρ+ Pabσ +Υb (∇aσ − µa)− Jabα
cµc
∇aρ+ Pabµ
b − Tˆaσ + 2Υ
bPabσ −Υ
b(∇aΥb)σ
− αb(∇aΥb)σ +Υ
bαbαaσ +Υ
b(∇aαb)σ −ΥaΥ
bαbσ
−Υb(∇aµb − Jabρ+ Pabσ − Jabα
cµc) + Υ
bαb(∇aσ − µa)

 .
But in Lemma 3 below we show that
(25)
Tˆa = Ta + 2Υ
bPab −Υ
b∇aΥb
− αb∇aΥb +Υ
bαbαa +Υ
b∇aαb −ΥaΥ
bαb
and so this expression reduces to

∇aσ − µa
∇aµb − Jabρ+ Pabσ − Jabα
cµc +Υb (∇aσ − µa)
∇aρ+ Pabµ
b − Taσ
−Υb(∇aµb − Jabρ+ Pabσ − Jabα
cµc) + Υ
bαb(∇aσ − µa)

 ,
which is exactly
̂
Da

 σµb
ρ

 = ̂

 ∇aσ − µa∇aµb − Jabρ+ Pabσ − Jabαcµc
∇aρ− Pa
bµb − Taσ

,
as required.
Finally, we compute〈
Da

 σµb
ρ

 ,

 σ˜µ˜c
ρ˜


〉
+
〈
 σµb
ρ

 , Da

 σ˜µ˜c
ρ˜


〉
=
∇a(σρ˜)− J
bc∇a(µbµ˜c)− α
bµbµ˜a + α
cµaµ˜c −∇a(ρσ˜) =
∇a(σρ˜)− J
bc∇a(µbµ˜c)− α
bδa
cµbµ˜c + α
cδa
bµbµ˜c −∇a(ρσ˜) =
∇a(σρ˜)− J
bc∇a(µbµ˜c)− (∇aJ
bc)µbµ˜c −∇a(ρσ˜) =
∇a(σρ˜− J
bcµbµ˜c − ρσ˜) = ∇a
〈 σµb
ρ

 ,

 σ˜µ˜c
ρ˜

〉 ,
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as required. 
Lemma 2. The identity (24) holds.
Proof. We compute
∇aΥ
b = ∇a
(
J bcΥc
)
= J bc∇aΥc +
(
∇aJ
bc
)
Υc
and we substitute from (9) to conclude that
∇aΥ
b = J bc∇aΥc +
(
αbδa
c − αcδa
b
)
Υc = J
bc∇aΥc + α
bΥa − α
cΥcδa
b,
as required. 
Lemma 3. The identity (25) holds.
Proof. We compute
2αˆbPˆab = 2(α
b +Υb)(Pab −∇aΥb +ΥaΥb)
= 2αbPab + 2Υ
bPab − 2Υ
b∇aΥb − 2α
b∇aΥb − 2ΥaΥ
bαb
and
αˆb∇ˆaαˆb = (α
b +Υb)∇a(αb +Υb)− (α
b +Υb)Υb(αa +Υa)
= αb∇aαb +Υ
b∇aΥb
+ αb∇aΥb +Υ
bαbαa +Υ
b∇aαb +ΥaΥ
bαb.
Adding these two equations gives (25), as required. 
Proposition 7. The following two homomorphisms T→ Λ1 ⊗ T
 σµb
ρ

 7→

 0Φabσ
Φabµ
b + 2(∇bΦab)σ

 or

 00
(∇bΦab + α
aΦab)σ


are invariantly defined.
Proof. Since ∇ˆcΦˆab = ∇ˆcΦab = ∇cΦab − 2ΥcΦab − ΥaΦcb − ΥbΦac and
αˆa = αa +Υa it follows that
∇ˆbΦˆab = ∇
bΦab −Υ
bΦab and αˆ
aΦˆab = α
bΦab +Υ
aΦab.
The required verifications are immediate. 
Finally, the tractor connection on T is defined by modifying Da from
(23) by appropriate multiples of these homomorphisms. The precise
formula is
(26) ∇a

 σµb
ρ

≡


∇aσ − µa
∇aµb − Jabρ+ Pabσ −
3
2n−1
Φabσ − Jabα
cµc
∇aρ+ Pabµ
b − 3
2n−1
Φabµ
b − 1
2n+1
(∇bΦab)σ
− (2αbPab + α
b∇aαb −
10n+7
(2n+1)(2n−1)
αbΦab)σ

.
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Theorem 2. This connection is well-defined, i.e. is independent of
choice of representatives (Jab,∇a). It preserves the skew form (22). Its
curvature is given by
(∇a∇b −∇b∇a)

 σµc
ρ

 =

 0Vabcdµd + Yabcσ
Yabcµ
c − 1
2n
(∇cYabc − VabceΦ
ce)σ


− 2Jab

 ρScσ − Φcdµd
Scµ
c − 1
2n
(ΦdeΦ
de +∇cSc)σ


in Fedosov gauge.
Proof. Mostly, these properties are inherited from the corresponding
properties of Da as demonstrated in Proposition 6. It only remains
to compute its curvature. According to (18) the tractor connection in
Fedosov gauge is given by
(27) ∇a

 σµb
ρ

 =

 ∇aσ − µa∇aµb − Jabρ+ Φabσ
∇aρ+ Φabµ
b − Saσ

 ,
where recall that Sa ≡
1
2n+1
∇bΦab.
We compute
∇a∇b

 σµc
ρ

 = ∇a

 ∇bσ − µb∇bµc − Jbcρ+ Φbcσ
∇bρ+ Φbcµ
c − Sbσ


=


∇a(∇bσ − µb)− (∇bµa − Jbaρ+ Φbaσ)
∇a(∇bµc − Jbcρ+ Φbcσ)− Jac(∇bρ+ Φbdµ
d − Sbσ)
+ Φac(∇bσ − µb)
∇a(∇bρ+ Φbcµ
c − Sbσ)− Φa
c(∇bµc − Jbcρ+ Φbcσ)
− Sa(∇bσ − µb)

 .
Therefore,
(∇a∇b −∇b∇a)

 σµc
ρ


=


−2Jabρ
(∇a∇b −∇b∇a)µc − JacΦbdµ
d − Φacµb + JbcΦadµ
d + Φbcµa
+ (∇aΦbc −∇bΦac + JacSb − JbcSa)σ
(∇aΦbc −∇bΦac + JacSb − JbcSa)µ
c
− (∇aSb −∇bSa + 2Φa
cΦbc)σ

 .
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However, from (15) we see that
(∇a∇b −∇b∇a)µc = Rabcdµ
d
= Vabcdµ
d + JacΦbdµ
d − JbcΦadµ
d − Φbcµa + Φacµb + 2JabΦcdµ
d
and, if we also substitute from (20), then we obtain
(∇a∇b −∇b∇a)

 σµc
ρ


=

 −2JabρVabcdµd + 2JabΦcdµd + (Yabc − 2JabSc)σ
(Yabc − 2JabSc)µ
c − (∇aSb −∇bSa + 2Φa
cΦbc)σ

 .
Lemma 4 below allows us to rewrite this expression as
 −2JabρVabcdµd + 2JabΦcdµd + (Yabc − 2JabSc)σ
(Yabc − 2JabSc)µ
c − 1
2n
(
∇cYabc−VabceΦ
ce−2Jab(ΦdeΦ
de+∇cSc)
)
σ

 ,
as required. 
Lemma 4. The identity
∇cYabc = VabceΦ
ce+2Jab(ΦdeΦ
de+∇cSc)+ 2n(∇aSb−∇bSa+2Φa
cΦbc)
holds in Fedosov gauge.
Proof. Using (10) to commute derivatives
∇d∇aΦbc = (∇d∇a −∇a∇d)Φbc +∇a∇dΦbc
= RdabeΦ
e
c +RdaceΦb
e +∇a∇dΦbc,
whence
∇c∇aΦbc = R
c
abeΦ
e
c +R
c
aceΦb
e +∇a∇
cΦbc
= RcabeΦ
e
c +R
c
aceΦb
e + (2n + 1)∇aSb.
Substituting from (15) gives
∇c∇aΦbc = VacbeΦ
ce + 2nΦa
cΦbc + JabΦdeΦ
de + (2n+ 1)∇aSb
and, similarly,
∇c∇bΦac = VbcaeΦ
ce − 2nΦa
cΦbc − JabΦdeΦ
de + (2n + 1)∇bSa.
Noting that Vacbe − Vbcae = Vabce, we may subtract these two equations
to obtain
∇c∇aΦbc −∇
c∇bΦac
= VabceΦ
ce + 4nΦa
cΦbc + 2JabΦdeΦ
de + (2n+ 1)(∇aSb −∇bSa).
16 MICHAEL EASTWOOD AND JAN SLOVA´K
Therefore, from the formula (20) for Yabc, we conclude that
∇cYabc = ∇
c∇aΦbc −∇
c∇bΦac − (∇aSb −∇bSa) + 2Jab∇
cSc
= VabceΦ
ce + 4nΦa
cΦbc + 2JabΦdeΦ
de
+ 2n(∇aSb −∇bSa) + 2Jab∇
cSc,
as required. 
Theorem 2 has the following immediate consequence.
Corollary 2. The curvature of the tractor connection has the form
(28) (∇a∇b −∇b∇a)Σ = 2JabΘΣ
for some endomorphism Θ of T if and only if Vabcd ≡ 0.
Proof. Notice that the curvature in the statement of Theorem 2 is split
already into its irreducible components according to
(29) Λ2 ⊗ End(T) =
(
Λ2⊥ ⊗ End(T)
)
⊕ End(T),
where Λ2⊥ denotes the 2-forms that are trace-free with respect to Jab.
That the curvature has the form (28) is precisely that the component
in Λ2⊥ ⊗ End(T) vanish, i.e. that
 σµb
ρ

 7−→

 0Vabcdµd + Yabcσ
Yabcµ
c − 1
2n
(∇cYabc − VabceΦ
ce)σ


vanish identically. Clearly this implies that Vabcd ≡ 0 but then the
contracted Bianchi identity (19) implies that Yabc ≡ 0. 
Corollary 3. The endomorphism Θ : T→ T defined in Fedosov gauge
by 
 σµb
ρ

 7−→

 ρScσ − Φcdµd
Scµ
c − 1
2n
(ΦdeΦ
de +∇cSc)σ


respects the skew form (22).
Proof. One may check by direct calculation that 〈ΘΣ, Σ˜〉+〈Σ,ΘΣ˜〉 = 0.
Alternatively, whether or not Vabcd = 0, the endomorphism Θ can be
viewed via (29) and Theorem 2 as an irreducible component of the
tractor curvature. As the tractor connection respects (22), so does its
curvature and any irreducible component thereof. 
We may further pursue the consequences of Vabcd = 0 as follows.
Lemma 5. When (28) holds and the homomorphism Θ is written in
Fedosov gauge, then ∇aΘ = 0.
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Proof. When (28) holds, the Bianchi identity for the connection ∇a on
T implies that ∇[a(Jbc]Θ) = 0. In Fedosov gauge, this may be rewritten
as J[bc∇a]Θ = 0. Non-degeneracy of Jbc implies that ∇aΘ = 0. 
From Theorem 2, when (28) holds the homomorphism Θ is given in
Fedosov gauge by
Θ

 σµb
ρ

 =

 −ρΦbcµc − Sbσ
Xσ − Scµ
c

 , where X ≡ 1
2n
(ΦdeΦ
de +∇cSc).
But, by using the invariant symplectic form (22) on T, we can equally
well view Θ as a section of ⊗2T. Specifically,
(30) Θ =

 −1 0 00 −Φbc Sb
0 Sc −X

 .
Note that Θ is symmetric (as must be the case since ∇a preserves the
symplectic form (22) on T).
Theorem 3. If Vabcd = 0, then
(31) (∇aΦ
bc)◦ = 0
in Fedosov gauge, where ( )◦ means to take the trace-free part.
Proof. From (27) and (30) we compute
∇aΘ =

 0 0 00 −∇aΦbc − JabSc − JacSb ∇aSb + JabX − ΦacΦbc
0 ∇aSc − ΦabΦ
b
c + JacX −∇aX + ΦabS
b + ΦacS
c

 .
From Lemma 5 we conclude that
(32) ∇aΦbc + JabSc + JacSb = 0
and raising indices with Jab gives
∇aΦ
bc + δa
bSc + δa
cSb = 0,
as required. 
Several remarks are in order. Firstly, notice that (32) is only an extra
condition on∇(aΦb)c since∇[aΦb]c+JabSc−Jc[aSb] =
1
2
Yabc in accordance
with (20). Secondly, the partial differential equations (31) are the well-
known mobility equations [23] of projective differential geometry whose
non-degenerate solutions Φab are in one-to-one correspondence with
(pseudo-)Riemannian metrics having connection in the projective class
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[∇a] of ∇a. Thirdly, the other components of ∇aΘ apparently give rise
to a whole system of equations,
∇aΦ
bc + δa
bSc + δa
cSb = 0
∇aS
b + δa
bX − ΦacΦ
bc = 0
∇aX − 2ΦabS
b = 0
but, in fact, this is exactly the prolongation of the (31) as derived
in [17]. Therefore, the vanishing of ∇aΘ is precisely equivalent to the
mobility equations (31) on Φab. As described in [17], for (31) to admit
any non-zero solutions imposes further non-trivial conditions on the
projective structure [∇a]. If Φab ≡ 0, however, then the connection ∇a
from the Fedosov gauge is flat, as can be seen from (15). Finally, notice
that the partial differential equations (31) are actually much stronger
than the mobility equations alone because Φab is actually part of the
curvature of ∇a.
7.1. Examples. In view of the strength of equations (31) it is not easy
to provide any non-trivial examples of a conformally Fedosov structure
with Vabcd = 0. Complex projective space CPn with its usual projective
structure and symplectic form certainly provides the best example. In
this case, recall that
Vabcd = 0 and Φab = gab
so CPn is not projectively flat. In Fedosov gauge Sa = 0 and
Θ =

 −1 0 00 −gbc 0
0 0 −1


as a section of ⊙2T.
Another example may be based on S1 × S2n−1 with its conformally
symplectic structure induced by the dilation invariant
Jab ≡ (1/‖x‖)
2 ωab
on R2n \ {0}, where ωab is the standard symplectic form
ωab dx
a dxb = dx1 ∧ dx2 + dx3 ∧ dx4 + · · · .
The flat connection ∂a on R
2n\{0} is also dilation invariant whence the
pair (Jab, ∂a) defines a dilation invariant conformally Fedosov structure
on R2n \ {0}. Indeed,
∂aJbc = 2
(
∂a log(1/‖x‖)
)
Jbc = −2(xa/‖x‖
2)Jbc
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so (5) holds with αa = −xa/‖x‖
2 and βa = −2xa/‖x‖
2. The proof of
Proposition 3 shows that we should take
∇aφb = ∂aφb + xaφb/‖x‖
2 + xbφa/‖x‖
2
as the unique projectively flat connection so that (7) holds. Notice
that, although
Vabcd = 0 and Φab = 0
in this case, the curvature of the corresponding tractor connection is
not flat. Indeed, we have (∇a∇b − ∇b∇a)Σ = 2JabΘΣ where, as a
section of ⊙2T,
Θ =


−1 xc/‖x‖
2 −1/‖x‖2
xb/‖x‖
2 −xbxc/‖x‖
4 xb/‖x‖
4
−1/‖x‖2 xc/‖x‖
4 −1/‖x‖4

 ,
which has rank 1.
8. Calculus on conformally symplectic manifolds
For most of this section, we shall work on a conformally symplectic
manifold (M, [J ]) by choosing a non-degenerate 2-form Jab from the
conformal class [J ]. Only after we have established Theorem 4 shall we
restore invariance by considering how matters change under conformal
rescaling Jab 7→ Jˆab = Ω
2Jab.
It has recently been noticed [25, 27] that on a symplectic manifold,
there is a natural alternative to the de Rham complex, which begins
0→ Λ0
d
−→ Λ1 → Λ2⊥ → · · ·
where Λk⊥ denotes the bundle of k-forms that are trace-free with respect
to J . In [15], which was written as a precursor to the current article,
this construction was generalised to conformally symplectic manifolds.
The result is an elliptic complex
(33)
0 → Λ0
d−2α
−−−→ Λ1 → Λ2⊥ → Λ
3
⊥ → · · · → Λ
n
⊥y
0 ← Λ0 ←− Λ1 ← Λ2⊥ ← Λ
3
⊥ ← · · · ← Λ
n
⊥
where all operators are first order except for the middle operator, which
is second order. In §7, we constructed, for any conformally Fedosov
manifold, its natural tractor bundle T equipped with a connection ∇a
having curvature of the form (28) for some endomorphism Θ of T if
and only if Vabcd = 0 (and in §7.1 exhibited some conformally Fedosov
structures with Vabcd = 0). In this section we explore the consequences
of (28). In the first instance, the particular bundle T need not concern
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us and, instead, we develop a theory of symplectically flat connections
on a conformally symplectic manifolds. Specifically, we shall say that a
connection ∇a on a given smooth vector bundle E over a conformally
symplectic manifold (M, [J ]) is symplectically flat if and only if
(34) (∇a∇b −∇b∇a)σ = 2JabΘσ
for some endomorphism Θ of E (as usual, one chooses an arbitrary
torsion-free connection on Λ1 to define the left hand side of (34), which
then does not depend on this choice). Evidently, if Jab is replaced by
Jˆab = Ω
2Jab, then (34) persists with Θ replaced by Θˆ = Ω
−2Θ. For
symplectically flat connections, our aim is to construct a version of (33)
coupled to E. It is clear how this complex should start, namely
E
∇−2α⊗Id
−−−−−−→ Λ1 ⊗E −→ Λ2⊥ ⊗ E,
where Γ(Λ1 ⊗E) ∋ φa 7→ ∇[aφb] − 2α[aφb] mod Jab since then
φa = ∇aσ− 2αaσ ⇒∇[aφb]− 2α[aφb] = ∇[a∇b]σ = JabΘσ = 0 mod Jab,
as required. We shall now construct the coupled version of (33) from
scratch, including the construction of (33) itself.
The operator
Da = ∇a − 2αa : E → Λ
1 ⊗ E
is a connection whose curvature we have, in effect, just computed:
(35) (DaDb −DbDa)σ = (∇a∇b −∇b∇a)σ = 2JabΘσ,
where, as usual, an arbitrary but irrelevant torsion-free connection has
been chosen on Λ1 to define D : Λ1 ⊗E → Λ1 ⊗ Λ1 ⊗E.
Lemma 6. The endomorphism Θ : E → E has constant rank.
Proof. Locally, we can work in Fedosov gauge to conclude, arguing as
in the proof of Lemma 5, that ∇aΘ = 0. Having done this, along any
smooth curve in M we can choose, for the connection ∇a, a covariant
constant frame for E. In this frame, the endomorphism Θ is then
represented by a constant matrix whose rank is therefore constant. 
Lemma 7. The connection Da on E induces a flat connection on the
subbundle ker Θ ⊆ E.
Proof. If σ ∈ Γ(ker Θ), then
ΘDaσ = Da(Θσ) = 0
so Daσ ∈ Γ(Λ
1⊗ ker Θ). That Da : ker Θ→ Λ
1⊗ ker Θ is a connection
follows immediately and (35) shows that it is flat. 
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Lemma 8. The connection Da on E induces a flat connection on the
bundle coker Θ ≡ E/ imΘ.
Proof. Suppose η ∈ Γ(E) is of the form η = Θσ for some σ ∈ Γ(E).
Then
Daη = Da(Θσ) = ΘDaσ ∈ Γ(Λ
1 ⊗ imΘ).
Therefore Da : E → Λ
1 ⊗ E descends to Da : coker Θ→ Λ
1 ⊗ cokerΘ,
for which the Leibnitz rule is readily verified. Again (35) implies that
this connection is flat. 
Let us write kerΘ, respectively coker Θ, for the sheaf of germs of
covariant constant sections of kerΘ, respectively cokerΘ. According
to Lemmata 7 and 8, these are locally constant sheaves.
Lemma 9. There is a natural elliptic complex:
E
D
−→ Λ1 ⊗ E
D
−→ Λ2 ⊗E
D
−→ Λ3 ⊗ E
D
−→ Λ4 ⊗E
◗◗s ⊕ ✑✑✸◗◗s ⊕ ✑✑✸◗◗s ⊕ ✑✑✸◗◗s ⊕ · · · ,
E −→ Λ1 ⊗E −→ Λ2 ⊗ E −→ Λ3 ⊗E
where the differentials are given by
σ 7→
[
Dσ
Θσ
] [
φ
η
]
7→
[
Dφ− J ⊗ η
Dη −Θφ
] [
ω
ψ
]
7→
[
Dω + J ∧ ψ
Dψ +Θω
]
· · · .
It is locally exact save for the zeroth and first cohomologies, which may
be identified with kerΘ and coker Θ, respectively.
Proof. That this is an elliptic complex is easily verified. Since Dσ = 0
implies Θσ = 0 it is also evident that
ker
(
σ 7→
[
Dσ
Θσ
])
= kerΘ.
To investigate the higher cohomology, locally let us choose a smooth
1-form τ such that Dτ = dτ − 2α ∧ τ = J , which is possible since (1)
holds. This choice allows us to define a new connection
D˜ ≡ D − τ ⊗Θ : E → Λ1 ⊗ E
on E for which
(D˜aD˜b − D˜bD˜a)σ = (DaDb −DbDa)σ − 2(D[aτb])Θσ = 0.
In other words D˜ : E → Λ1 ⊗ E is a flat connection. This allows us
to show that the cohomology at any level p ≥ 1 can be represented by
elements of the form
(36)
[
(−1)p+1τ ∧ η
η
]
∈ Γ

 Λp ⊗E⊕
Λp−1 ⊗ E

 .
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Specifically, if p is odd, then we are given[
φ
η
]
∈ Γ

 Λp ⊗ E⊕
Λp−1 ⊗ E

 such that
{
Dφ = J ∧ η
Dη = Θφ
and it follows that D˜(φ− τ ∧ η) = Dφ− τΘφ− (Dτ)∧ η + τ ∧Dη = 0.
As D˜ is flat, locally we can find σ ∈ Γ(Λp−1 ⊗ E) such that
φ− τ ∧ η = D˜σ = Dσ − τ ∧Θσ.
If we now replace[
φ
η
]
by
[
φ
η
]
−
[
Dσ
Θσ
]
=
[
φ−Dσ
η −Θσ
]
=
[
τ ∧ (η −Θσ)
η −Θσ
]
,
as we may, then we have obtained a representative of the required form.
The case of p even is essentially the same save for a few sign changes.
Thus, we are reduced to computing the local cohomology for elements
of the form (36). The remaining constraint on such elements is that
Dη = τ ∧Θη for η ∈ Γ(Λp−1 ⊗ E)
but this is exactly that D˜η = 0. For p ≥ 2 it follows that locally we
can find ξ ∈ Γ(Λp−2⊗E) such that D˜ξ = η. When p = 2, for example,
we find that[
τ ⊗ ξ
ξ
]
7→
[
D(τ ⊗ ξ)− J ⊗ ξ
Dξ − τ ⊗Θξ
]
=
[
−τ ∧Dξ
D˜ξ
]
=
[
−τ ∧ D˜ξ
D˜ξ
]
and so the second cohomology vanishes. The case p ≥ 3 is similar.
When p = 1, the normal form (36) identifies the local cohomology as
{η ∈ Γ(E) | D˜η = 0}
Θ{σ ∈ Γ(E) | D˜σ = 0}
,
noting that D˜Θ = DΘ − τ ⊗ [Θ,Θ] = 0 so that this quotient is well-
defined. Since D˜ is flat, this is a quotient of finite-dimensional vector
spaces, which at each point may be identified with coker Θ. Evidently,
this local construction, depending on choice of τ , agrees with the global
construction of coker Θ provided by Lemma 8. 
Theorem 4 (The coupled Rumin–Seshadri complex). Suppose (M, [J ])
is a conformally symplectic manifold and ∇a is a symplectically flat
connection on a vector bundle E over M . Choose Jab ∈ [J ] and define
Θ : E → E by means of (34). Then there is a natural elliptic complex
(37)
0 → E → Λ1 ⊗ E → Λ2⊥ ⊗ E → · · · → Λ
n
⊥ ⊗ Ey
0 ← E ← Λ1 ⊗ E ← Λ2⊥ ⊗ E ← · · · ← Λ
n
⊥ ⊗ E
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where all operators are first order save for the middle operator, which
is second order. This differential complex is locally exact save for its
zeroth and first cohomologies, which may be identified with ker Θ and
cokerΘ, respectively.
Proof. Rearranging the complex from Lemma 9 as
E → Λ1 ⊗E → Λ2 ⊗ E → Λ3 ⊗ E → Λ4 ⊗E → · · ·❳❳❳❳❳❳❳❳③
❳❳❳
❳❳❳③
↑
❳❳❳
❳❳❳③
↑
❳❳❳
❳❳❳③
↑
❳❳❳
E → Λ1 ⊗ E → Λ2 ⊗E → · · ·
one sees a filtered complex, the spectral sequence of which has as its
E1-level
✲
✻
E→Λ1⊗E→Λ2
⊥
⊗E→· · ·→Λn
⊥
⊗E 0
0 Λn
⊥
⊗E→· · ·→Λ2
⊥
⊗E→Λ1⊗E→E.
Passing to the E2-level constructs the complex (37) and Lemma 9 gives
its cohomology. 
As advised at the beginning of this section, we shall now consider the
effect of replacing Jab by Jˆab = Ω
2Jab. Recall, that (1) is maintained
by replacing αa with αˆa = αa + Υa where Υa = ∇a log Ω. It follows
that d− 2α : Λ0 → Λ1 for any choice of Jab ∈ [J ] is better regarded as
an invariantly defined connection
(38) Da : Λ
0[2]→ Λ1[2]
on the bundle Λ0[2] of conformal densities of weight 2 (characterised
by the requirement that D[aJbc] = 0). The connection (38) induces
connections on all the density bundles Λ0[w] and there are conformally
invariant versions of (37)
(39)
· · · → Λp
⊥
⊗E[w + 2] → · · · → Λn⊥ ⊗E[w + 2]y
· · · ← Λp
⊥
⊗E[w + 2p− 2n] ← · · · ← Λn⊥ ⊗ E[w]
for all w. The formal adjoint of this complex is another of the same
form but with w replaced by −w− 2. Notice that some statements are
more naturally made by using these invariant connections on densities.
For example, the endomorphism Θ from (34) should be regarded as
having conformal weight −2 and then DaΘ = 0 (replacing Lemma 5).
9. Bernstein–Gelfand–Gelfand complexes
Our aim in this section is typified by the following example. Let
us suppose that (M, [J,∇]) is a four-dimensional conformally Fedosov
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manifold and that the invariant curvature Vabcd vanishes. According to
Corollary 2 and Theorem 4 there is a differential complex of the form
0→ T→ Λ1⊗T→ Λ2⊥⊗T→ Λ
2
⊥⊗T[−2]→ Λ
1⊗T[−4]→ T[−6]→ 0
(by taking w = −2 in (39)), whose local cohomology we know. To
proceed, we should extend the Dynkin diagram notation for irreducible
representations of Sp(4,R) to include a conformally symplectic weight.
For reasons indicated in [4], it is convenient to write
× • •〈
a b c
for • •〈
b c
(TM)⊗ Λ0[a− c]
so that, for example,
TM =× • •〈
0 1 0 Λ1 =× • •〈
−2 1 0 Λ2⊥ =× • •〈
−3 0 1 .
In particular,
T =× • •〈
1 0 0 ⊕× • •〈
−1 1 0 ⊕× • •〈
−1 0 0
and our differential complex becomes
T → Λ1 ⊗ T → Λ2⊥ ⊗ T → · · ·
‖ ‖ ‖
× • •〈
1 0 0
⊕
× • •〈
−1 1 0 ✏✏
✏✏
✏✏
✏✶
⊕
× • •〈
−1 0 0 ✑
✑✑✸
× • •〈
−1 1 0
⊕
× • •〈
−1 0 0 ⊕× • •〈
−3 2 0 ⊕× • •〈
−2 0 1 ✟✟
✟✟
✟✯
⊕
× • •〈
−3 1 0 ✏✏
✏✏
✏✏
✏✶
× • •〈
−2 0 1
⊕
× • •〈
−3 1 0 ⊕× • •〈
−4 1 1
⊕
× • •〈
−4 0 1 ✚
✚
✚
✚
✚❃
in which all bundles have been decomposed into their irreducible parts
and some particular homomorphisms have been highlighted by diagonal
arrows. For ∇ : T→ Λ1 ⊗ T, for example, we see from (26) that
∇a

 0µb
ρ

≡

 −µa∇aµb − Jabρ− Jabαcµc
∇aρ+ Pabµ
b − 3
2n−1
Φabµ
b


so
Γ(× • •〈
−1 1 0 ) ∋ µb 7−→ −µa ∈ Γ(× • •〈
−1 1 0 )
and
Γ(× • •〈
−1 0 0 ) ∋ ρ 7−→ −Jabρ ∈ Γ(× • •〈
−1 0 0 ) ⊂ Γ(Λ1 ⊗ Λ1[1]).
Notice that all of these homomorphisms are, in fact, isomorphisms
between the irreducible bundles involved. Diagram chasing now allows
us to cancel these irreducible parts leaving a complex having the same
local cohomology as the full tractor-coupled Rumin–Seshadri complex:
0→× • •〈
1 0 0 ∇
2
−→× • •〈
−3 2 0 ∇−→× • •〈
−4 1 1 ∇
2
−→× • •〈
−6 1 1 ∇−→× • •〈
−7 2 0 ∇
2
−→× • •〈
−7 0 0 → 0.
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In this simple case it is straightforward to determine these operators
explicitly. For example, we see from (26) that the first one is
σ 7−→ ∇a∇bσ + Pabσ − Φabσ.
By construction, this operator is conformally invariant but we can also
check this directly:
∇ˆa∇ˆbσ + Pˆabσ − Φˆabσ = ∇a(∇bσ +Υbσ)−Υb(∇aσ +Υaσ)
+ (Pab −∇aΥb +ΥaΥb)σ − Φabσ
= ∇a∇bσ + Pabσ − Φabσ.
The next operator ∇ :× • •〈
−3 2 0 →× • •〈
−4 1 1 is given by
ψab 7−→ ∇[aψb]c−
1
2n+1
[
JabJ
de∇dψec − J
de(∇dψe[a)Jb]c
]
for ψab = ψ(ab).
Theorem 5. Suppose (M, [J,∇]) is a conformally Fedosov manifold of
dimension 2n whose invariant curvature Vabcd vanishes. Then for any
n+1 non-negative integers a, b, c, · · · d, e there is a differential complex
(40)
× • • · · · •〈•
a b c d e ∇
a+1
−−−→ × • • · · · •〈•
−a−2 a+b+1 c d e
∇b+1
−−−→ × • • · · · •〈•
−a−b−3 a b+c+1 d e
∇c+1
−−−→ · · · ,
which is locally exact save at the zeroth and first positions, where its
local cohomology may be identified with the locally constant sheaves
kerΘ and coker Θ, respectively. Here,
Θ ∈ Aut
(
• • • · · · •〈•
a b c d e
(
T
))
is induced by Θ : T→ T from (28) and • • • · · · •〈•
a b c d e
(
T
)
is the bundle
associated to T via the Sp(2n + 2,R)-module • • • · · · •〈•
a b c d e
, bearing
in mind that the non-degenerate skew form (22) reduces the structure
group of T to Sp(2n+ 2,R).
Proof. One considers the coupled Rumin-Seshadri complex (39) with
E = • • • · · · •〈•
a b c d e
(
T
)
and w = −2. According to Corollary 2 and
Theorem 4, this complex is locally exact save at the zeroth and first
positions, where its local cohomology may be identified with kerΘ and
cokerΘ, respectively. We assert that, as in the example discussed at
the beginning of this section, there are algebraic cancellations resulting
in the complex (40). These automatic cancellations are a consequence
of Kostant’s theorem [20] on Lie algebra cohomology as is now familiar
in parabolic geometry [9]. 
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Remarks. This method of proof is often referred to as employing the
‘BGG-machinery’ where BGG stands for Bernstein–Gelfand–Gelfand
in reference to [5] and [22], where dual complexes are constructed on the
level of induced modules in representation theory. The complexes (40)
lie outside the parabolic realm but follow exactly the BGG complexes
on the contact projective sphere [9, §1.1.4]. More precisely, the sphere
S2n+1 as a homogeneous space for Sp(2n + 2,R), is the flat model for
a type of parabolic geometry known as contact projective [18]. A link
between these constructions is provided by the fibration
S2n+1 → CPn
and, following [8] and bearing in mind that CPn is our basic example
of a conformally Fedosov manifold with Vabcd = 0, the BGG complexes
(40) may be seen as symmetry reductions of the usual BGG complexes
on the contact projective sphere S2n+1 as a parabolic geometry. We
should also mention that the authors of [8] are currently preparing
an article based on [7], which further applies the symmetry reduction
technique of [8] to the other contact parabolic geometries (as listed
in [9, §4.2]), and which we expect also applies to curved conformally
Fedosov structures, as suitable symmetry reductions of curved contact
projective structures.
In any case, the initial portion
× • • · · · •〈•
0 1 0 0 0 ∇
−→ × • • · · · •〈•
−2 2 0 0 0 ∇2
−−→ × • • · · · •〈•
−4 0 2 0 0
of a BGG complex (40) on CPn is the subject of [16, Theorem 8] where
it is shown that the second operator provides exactly the integrability
conditions for the range of the Killing operator on CPn. This conclusion
is immediate from Theorem 5: since CPn is simply-connected, there is
no global cohomology arising from coker Θ.
The initial portion
× • • · · · •〈•
0 ℓ−1 0 0 0 ∇
−→ × • • · · · •〈•
−2 ℓ 0 0 0 ∇2
−−→ × • • · · · •〈•
−ℓ−2 0 ℓ 0 0
of (40) on CPn is the subject of [16, Theorem 9].
Finally, we recall that in ordinary parabolic geometry, there are,
not only ‘BGG complexes’ on the flat model G/P , as presented in [4],
but also ‘BGG sequences’ on the corresponding curved geometries, as
constructed in [6, 10]. We anticipate BGG sequences in the conformally
Fedosov setting and also that their construction follow most easily the
route recently presented in [11, 12].
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